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Abstract

This note introduces a structural and geometric viewpoint on polynomial-time solvability
based on the dynamics of computational state spaces. Rather than treating P and NP
primarily through the opposition between search and verification, we focus on the evolution,
compression, and navigability of layered state spaces arising during computation.

The paper is exploratory in character and intended as an introductory step toward a
broader structural approach to complexity theory. Its purpose is not to propose a completed
alternative foundation of complexity theory, but to develop a preliminary vocabulary for
discussing mechanisms of global structural collapse in computation.

A computational formalism is represented as a triple F = (M,R,D) consisting of a class
of computational models, a resource scale, and a class of admissible descriptions. This dis-
tinction is used to separate genuinely polynomially realizable structures from representations
whose apparent efficiency depends on stronger primitive operations or alternative resource
assumptions.

The central technical notion is that of a structural realization of a language by a state
system with divergence, bounded frontier, and completion. We show that any language
admitting such a realization lies in P. The framework is illustrated on Horn-SAT, 2-SAT,
bipartite matching, and 3-SAT, emphasizing different forms of structural collapse and dif-
ferent obstructions to polynomial navigability.

The resulting interpretation is that polynomial solvability is not merely the absence
of search, but the existence of global mechanisms that prevent uncontrolled expansion of
the live computational frontier. The concepts introduced here are intended primarily as
organizational and programmatic tools for future development rather than as a completed
structural theory.
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1 Introduction
The classical formulation of P versus NP asks whether every language whose positive instances
admit polynomially checkable certificates is also decidable by a deterministic polynomial-time
algorithm [1], [2], [3], [4], [5]. The standard informal interpretation is that NP captures efficient
verification, while P captures efficient solution.

This interpretation is operational, but only partially structural. Both verification and search
are computations over evolving state spaces, and many known polynomial-time algorithms suc-
ceed not by avoiding search altogether, but by organizing exponentially many potential trajec-
tories into globally manageable structures.

The present note is exploratory in character. Its goal is not to propose a completed al-
ternative foundation of complexity theory, nor to resolve the classical P versus NP question.
Instead, the aim is to introduce a structural vocabulary and a geometric viewpoint that may
be useful for describing why certain computational state spaces remain polynomially navigable
while others appear to resist global compression.

We therefore view computation not primarily as the traversal of individual trajectories, but
as the evolution of entire layers of states. From this perspective, polynomial-time solvability
appears to arise when the state space admits representations in which:

• false trajectories diverge early,

• the live frontier remains polynomially controlled,

• and surviving states can be completed or refuted efficiently.

We formalize these notions through the concept of a structural realization. The resulting
framework is intentionally mixed in style: some notions are introduced formally, while oth-
ers are presented at a schematic or geometric level whose role is primarily explanatory and
programmatic.

A central perspective of the paper is geometric. We introduce layered state spaces (Yt) and
ask whether exponentially large layers can nevertheless admit polynomially realizable represen-
tations and dynamics. This leads to a guiding principle:

There is no free compression of computation: a polynomial representation of an
exponentially large state space is meaningful only if the induced operations remain
polynomially realizable.

Within this viewpoint, the apparent difficulty of problems such as 3-SAT can be reformu-
lated not as the mere existence of exponentially many trajectories, but as the absence – or
unknown existence – of a global collapse mechanism that keeps the layered dynamics polyno-
mially navigable.

In parallel, we make explicit the dependence of complexity-theoretic statements on the
underlying computational formalism. We represent a formalism as a triple

F = (M,R,D),

consisting of a computational model, a resource scale, and a class of admissible descriptions.
This distinction is used not to redefine the classical P versus NP problem, but to separate

two situations:

• structures whose operations admit polynomial simulation inside standard robust compu-
tational models;

• and structures whose apparent efficiency depends on stronger primitive operations or
alternative resource scales.
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From this perspective, compact representation alone is insufficient: the computational mean-
ing of a global structure depends on the realizability of operations over that structure.

The contribution of this note is therefore primarily conceptual and organizational rather
than complexity-separating. In particular, the paper aims to:

• introduce a structural language based on divergence, frontier, completion, and layered
dynamics;

• relate polynomial solvability to forms of global structural collapse;

• connect these notions to proof complexity, symbolic representations, and state-space meth-
ods;

• and outline a possible direction for a more systematic structural theory of computational
complexity.

2 Computational formalisms
Definition 1 (Computational formalism). A computational formalism is a triple

F = (M,R,D),

where M is a class of computational models, R is a resource scale, and D is a class of admissible
descriptions of algorithms, objects, or state structures.

The standard formalism takes M to include Turing machines, RAM-like models with rea-
sonable word size, or Boolean circuits; R to be time, number of elementary operations, or circuit
size/depth; and D to be finite descriptions such as finite programs or finite circuits. Different
choices inside this robust family are polynomially inter-simulable in the usual sense.

Definition 2 (PF and NPF ). For a formalism F = (M,R,D), let PF be the class of languages
decidable by models in M using resources bounded by a polynomial in the input length, according
to R and using descriptions in D.

Let NPF be the class of languages whose positive instances admit certificates of polynomial
length, with a verifier in M using polynomial resource according to R and descriptions in D.

Definition 3 (Robust class of formalisms). A class Frob of formalisms is robust if any two mod-
els in the class simulate one another with at most polynomial overhead in the selected resource
scale, and primitive operations do not hide super-polynomial work as a single elementary step.

Proposition 1 (Invariance inside a robust class). If F1, F2 ∈ Frob, then

PF1 = NPF1 ⇐⇒ PF2 = NPF2 .

Proof sketch. By robustness, computations in either formalism can be simulated in the other
with polynomial overhead. Polynomial-time deciders and polynomial-time verifiers are therefore
preserved under the simulation. Hence equality or separation of the corresponding classes is
invariant inside the robust family.

Remark 1. If one extends F by allowing primitives that operate on exponentially large layers
as a single resource-bounded step, then one has changed the resource scale or model class. Such
an extension may be legitimate as a new theory of computation, but it does not answer the
classical P versus NP question unless the new primitives are simulable in a robust formalism
with polynomial overhead.
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3 Structural realizations
We now define a structural notion of polynomial solvability. The goal is to express when search
does not explode because the space of live states has a polynomially controlled dynamics.

Definition 4 (State system for an input). For a language L ⊆ {0, 1}∗ and input x, a state
system consists of a finite or finitely represented state space Sx, an initial state s0(x) ∈ Sx, a
transition relation →x⊆ Sx × Sx, and a set of accepting states Ax ⊆ Sx.

Definition 5 (Trajectory). A trajectory is a finite sequence

τ : s0 →x s1 →x · · · →x sk.

A trajectory is accepting if some si ∈ Ax.

Definition 6 (False trajectory). A trajectory ending in sk is false if no continuation from sk
reaches an accepting state.

Definition 7 (Cutoff procedure). A cutoff procedure is an algorithm C(x, s) ∈ {0, 1} such that
if C(x, s) = 1, then no accepting state is reachable from s.

Definition 8 (Divergence). A state system has polynomial divergence if there exists a poly-
nomial q such that every false trajectory reaches some state si with C(x, si) = 1 for some
i ≤ q(|x|).

Definition 9 (Polynomial frontier). A state system has polynomial frontier if there exists a
polynomial r such that the number of states reachable from s0(x) within q(|x|) steps and not cut
off by C is at most r(|x|).

Definition 10 (Completion). A completion procedure is an algorithm E(x, s) that, for any state
s with C(x, s) = 0, either constructs an accepting state reachable from s or correctly reports that
no accepting continuation exists. It is polynomial if its running time is polynomial in |x|.

Definition 11 (Structural P-realization). A language L has a structural P-realization if for
every input x there is a state system (Sx, s0,→x,Ax) with polynomially encoded states, polyno-
mially computable transitions, polynomially enumerable frontier, a polynomial cutoff C, poly-
nomial divergence, polynomial frontier, and a polynomial completion procedure E, such that

x ∈ L ⇐⇒ some trajectory from s0(x) reaches Ax.

Theorem 1 (Structural realization implies polynomial decidability). If a language L has a
structural P-realization, then L ∈ P.

Proof. On input x, enumerate all non-cutoff states reachable from s0(x) up to depth q(|x|). By
the polynomial frontier condition, there are at most r(|x|) such states. For each such state, run
the completion procedure E(x, s). If any call returns an accepting state, accept. If all calls
correctly report that no accepting continuation exists, reject.

The number of states is polynomial, each state is polynomially encoded, transitions and
cutoff tests are polynomially computable, and each completion call is polynomial. Hence the
total computation is polynomial in |x|.

Remark 2. The theorem is intentionally simple: its interest is not that it proves a surprising
inclusion, but that it isolates three structural causes of polynomial behavior: false trajectories die
early, the live frontier remains polynomial, and live states can be completed or refuted efficiently.
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divergence → frontier → completion

Figure 1: Structural realization pipeline.

4 Geometry of State Spaces
The notion of structural realization introduced above can be interpreted geometrically. Instead
of viewing computation as a sequence of individual trajectories, we consider the evolution of
entire layers of states.

4.1 Layered state spaces

For a given input x, let Sx be the associated state space. We define a layer at depth t as the
set

Yt = {s ∈ Sx | s is reachable from s0(x) in t steps}.

A layered representation is a sequence (Y0, Y1, . . . ) such that

Yt+1 = Φ(Yt),

for some transition operator Φ induced by the transition relation.
The size of Yt may be exponential in t, even when t = O(|x|).

4.2 Navigability versus size

The central question is not the cardinality of Yt, but whether it admits a representation and
dynamics satisfying:

• Yt can be represented in size poly(|x|),

• Φ(Yt) can be computed in poly(|x|),

• the existence of an accepting state in Yt can be decided in poly(|x|).

This separates existence from computation:

• the layer Yt may contain exponentially many states,

• but polynomial solvability requires that Yt be navigable in polynomial time.

4.3 Aggregation and structural compression

In polynomial-time solvable problems, exponential families of trajectories are often aggregated
into a single structured object:

• in Horn-SAT, a monotone closure replaces branching,

• in 2-SAT, implication graphs compress assignments,

• in bipartite matching, layered graphs represent sets of augmenting paths.

In each case, the effective frontier is not a set of individual states, but a structured object
of polynomial size.

5



4.4 No free compression principle

A fundamental constraint emerges:

Any compression of an exponentially large state space into a polynomial represen-
tation must either admit polynomial-time operations or implicitly encode super-
polynomial computational power.

In other words, there is no free compression of computation: compression must be paid for
either by the resource scale or by the strength of the allowed operations.

Lemma 1 (No free compression). Let Yt be a layer with |Yt| = 2Ω(n). If there exists a represen-
tation R(Yt) of size poly(n) such that all operations (transition, filtering, acceptance queries)
are computable from R(Yt) in poly(n), then these operations admit a polynomial simulation in
a robust formalism.

Proof. By assumption, R(Yt) has polynomial size and all required operations are polynomially
computable. Therefore they can be simulated in a standard model with polynomial overhead.
Any failure of such a simulation implies that the operations implicitly encode super-polynomial
computation, contradicting robustness.

4.5 Implications for 3-SAT

The difficulty of 3-SAT can be reformulated geometrically:
whether there exists a representation of the solution space such that the induced layered

dynamics satisfies polynomial divergence, polynomial frontier, and polynomially realizable tran-
sition and completion operators.

While local structures (implication graphs, learned clauses) provide partial compression, no
known representation yields a globally polynomially navigable state space for all instances.

4.6 From layered dynamics to structural realizations

We now formalize the connection between layered representations and structural P-realizations.

Definition 12 (Polynomially navigable layered dynamics). A layered state space (Yt) is poly-
nomially navigable if there exist:

• a representation of each layer Yt of size poly(|x|),

• a transition operator Φ such that Yt+1 = Φ(Yt) is computable in poly(|x|),

• a procedure that, given t, decides whether Yt contains an accepting state in poly(|x|),

• a polynomial bound q(|x|) such that all relevant layers occur for t ≤ q(|x|).

Theorem 2 (Layered dynamics implies structural realization). If a language L admits a poly-
nomially navigable layered dynamics, then L has a structural P-realization.

Proof. Given a layered representation (Yt), define the state space Sx as the set of states that
appear in layers Yt for t ≤ q(|x|).

The transition relation is induced by Φ: a state s′ ∈ Yt+1 is reachable from s ∈ Yt if it arises
from the transition operator.

Define the cutoff procedure C(x, s) implicitly through the layered dynamics: states that do
not persist in layers leading toward acceptance are eventually excluded by the evolution of the
layers.

Polynomial divergence follows from the bounded depth t ≤ q(|x|).
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Polynomial frontier follows from the polynomial size of each layer representation.
For completion, given a state s ∈ Yt, the layered dynamics allows us to determine whether

there exists an accepting continuation from some layer Yt′ with t′ ≥ t, and, when such a
continuation exists, to construct a corresponding accepting trajectory.

All operations are polynomial by assumption. Hence the resulting state system satisfies the
conditions of a structural P-realization.

4.7 Collapse versus expansion

The existence of a polynomially navigable layered dynamics requires a strong global property:
exponential branching must collapse into a polynomially bounded representation.

We formalize this as follows.

Definition 13 (Polynomial collapse). A layered system exhibits polynomial collapse if there
exists a representation R(Yt) such that:

• |R(Yt)| = poly(|x|),

• R(Yt+1) can be computed from R(Yt) in poly(|x|),

• membership or acceptance queries over Yt can be decided using R(Yt) in poly(|x|).

Proposition 2 (Collapse is necessary for polynomial navigability). If a layered dynamics is
polynomially navigable, then it admits polynomial collapse.

Proof. Polynomial navigability requires that each layer be representable in polynomial size and
that all operations on it be computable in polynomial time. This directly induces a representa-
tion R(Yt) satisfying the above properties.

4.8 Types of structural collapse

The examples above suggest that polynomial solvability may arise from different mechanisms
of collapse. We distinguish three basic types.

Definition 14 (Types of collapse). Let (Yt) be a layered dynamics.

• Monotone collapse: the live state space evolves by a monotone closure operator, so that
branching is replaced by a least fixed point.

• Quotient collapse: exponentially many states are identified by an equivalence relation
whose quotient has polynomial size.

• Aggregation collapse: exponentially many alternative trajectories are represented by
one polynomially sized aggregate object.

Proposition 3 (Collapse mechanisms in standard polynomial problems). Horn-SAT exhibits
monotone collapse, 2-SAT exhibits quotient collapse, and bipartite matching exhibits aggregation
collapse.

Proof. For Horn-SAT, forward chaining computes a least fixed point of forced true variables,
eliminating branching by monotone closure.

For 2-SAT, assignments are compressed through the strongly connected components of the
implication graph; the relevant structure is the quotient DAG of components.

For bipartite matching, the set of shortest augmenting paths is not enumerated individually
but represented by a layered alternating graph. This graph aggregates a family of possible
improvements into one polynomially sized object.
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4.9 Failure of layered dynamics for 3-SAT

We now examine why the layered framework, while successful for several polynomial-time prob-
lems, does not currently yield a polynomial realization for 3-SAT.

4.9.1 Layer growth

Let Yt denote the set of states reachable after t branching steps in a natural search formulation
of 3-SAT.

Even under aggressive propagation (unit propagation, clause learning), the number of dis-
tinct partial assignments that are not immediately refuted can grow exponentially in t. That
is, there exist families of instances such that

|Yt| = 2Ω(t).

Thus, any representation of Yt must either:

• have exponential size, or

• compress exponentially many states into a structured representation.

4.9.2 Limits of structural compression

Local mechanisms such as implication graphs and clause learning provide partial compression of
the search space. However, they do not yield a representation of Yt satisfying all requirements
of polynomial navigability.

In particular, known proof complexity results show that certain families of unsatisfiable
formulas require exponentially large refutations in resolution and related proof systems.

This implies that no cutoff procedure based solely on such local structures can eliminate all
false trajectories in polynomial time.

4.9.3 Failure of polynomial frontier

As a consequence, the frontier condition fails:

• either the representation of Yt becomes exponential,

• or the transition operator Φ implicitly performs super-polynomial work,

• or the procedure for deciding whether Yt contains an accepting state is not polynomial.

Thus, the layered dynamics for 3-SAT is not known to be polynomially navigable.

4.9.4 A near-structure: CDCL states

A natural candidate for a structured layer in 3-SAT is given by CDCL-style states consisting of
a partial assignment A, an implication graph G, and a database of learned clauses C.

Local strength. Unit propagation and conflict analysis provide strong local mechanisms:
conflicts are detected efficiently, and learned clauses prune parts of the search space.

Breakdown of divergence. While conflicts are found quickly, there is no guarantee that all
false trajectories are cut off within poly(|x|) steps. Known lower bounds in proof complexity
imply that some inconsistent regions require super-polynomial refutations.
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Breakdown of frontier. The number of distinct partial assignments consistent with current
clauses can remain exponential. Clause learning reduces redundancy but does not ensure a
polynomial bound on the live frontier.

Breakdown of completion. Determining whether a given partial state admits an accepting
extension is equivalent to solving SAT on a residual formula, and no polynomial procedure is
known.

Conclusion. CDCL provides a powerful local compression, but it does not induce a globally
polynomially navigable layered dynamics.

4.9.5 Reformulation of the P vs NP question

The difficulty of 3-SAT can therefore be restated as follows:

Does there exist a representation of the layered state space (Yt) such that:

• each Yt has polynomial-size representation,
• the transition operator Φ is computable in polynomial time,
• the existence of an accepting state in Yt is decidable in polynomial time,
• and the number of relevant layers is polynomially bounded?

An affirmative answer would yield a polynomially navigable layered dynamics and thus, by
the previous theorem, imply P = NP .

Core obstruction. The obstruction is therefore not the absence of local structure, but the
absence of a polynomial collapse of the layered dynamics.

4.10 A toy model: local consistency without global compression

We include a simple toy model illustrating why local consistency is insufficient for polynomial
navigability.

Let the state space be the Boolean hypercube

Sn = {0, 1}n.

At depth t, the layer Yt consists of all partial assignments of length t that have not yet violated
any local constraint:

Yt ⊆ {0, 1, ∗}n.

Suppose that the constraints are arranged so that every partial assignment of depth t < n
is locally consistent, but only a small number of complete assignments at depth n are globally
accepting.

Then:
|Yt| = 2t

for all t < n.
Thus, local consistency checks do not reduce the live frontier. The frontier remains expo-

nential until the final layers, where global constraints become visible.
This shows that the existence of local rules and local cutoff tests does not imply polynomial

navigability. A polynomial realization requires a global compression mechanism capable of
aggregating the live frontier before it expands exponentially.

In this toy model, the failure is not the absence of local structure. The failure is the absence
of a global structure that turns local consistency into polynomially bounded navigation.
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Y0 Y1 Y2 · · · Yq(|x|)

Figure 2: Layered dynamics of state spaces.

4.11 Connection to proof complexity

Structural realizations can be interpreted in proof-theoretic terms.

• The cutoff procedure corresponds to deriving a refutation of a subspace of assignments.

• The frontier corresponds to the number or complexity of simultaneously maintained sub-
spaces.

• The completion procedure corresponds to constructing a satisfying assignment or a full
refutation.

Thus, polynomial structural realizations correspond to proof systems in which all relevant
subspaces admit polynomial-size refutations or certificates.

Known exponential lower bounds for proof systems such as resolution imply that such struc-
tural realizations are unlikely to exist for general 3-SAT instances.

4.12 Collapse and proof width

We now relate structural collapse to proof complexity more explicitly.

Definition 15 (Cutoff proof). Let s be a state representing a subspace of assignments. A
cutoff proof for s is a derivation, in a fixed proof system P, that no assignment in the subspace
represented by s satisfies the formula.

Definition 16 (Polynomial-width cutoff). A structural realization has polynomial-width cutoff
with respect to P if every cutoff C(x, s) = 1 admits a proof in P of width at most poly(|x|) and
size at most poly(|x|).

Proposition 4 (Polynomial cutoff induces bounded proof complexity). If a structural realiza-
tion of an unsatisfiable CNF formula uses a cutoff procedure whose positive answers are justified
by proofs in a proof system P of polynomial size and polynomial width, then the overall rejection
of the formula induces a polynomial-size P-refutation.

Proof. For an unsatisfiable input, every live trajectory must eventually be cut off. By poly-
nomial divergence and polynomial frontier, only polynomially many non-cutoff states need
be considered before all accepting continuations are eliminated. Each cutoff is justified by
a polynomial-size proof in P. Combining these polynomially many local refutations yields a
polynomial-size global refutation in P.

Corollary 1. If a family of unsatisfiable CNF formulas requires super-polynomial refutations
in a proof system P, then no structural realization whose cutoffs are all justified inside P with
polynomial size and width can exist for that family.

This does not rule out all possible structural realizations of 3-SAT. Rather, it identifies a
precise obstruction: any proposed realization must either avoid the restricted proof system P,
or provide a stronger form of cutoff than the one available in P.
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5 Formalism Dependence of Complexity Classes

5.1 Computational Formalisms

We now analyze how the relation between PF and NPF depends on the choice of formalism
F = (M,R,D) introduced earlier.

We define the complexity classes relative to F :

• PF consists of languages decidable using models in M with resource bounded by a poly-
nomial in |x| (measured in R),

• NPF consists of languages verifiable with polynomial resource and certificates of polyno-
mial size (measured in R and D).

5.2 Robust Class of Formalisms

We define a class Frobust of formalisms satisfying:

• any two models in M simulate each other with polynomial overhead in R,

• primitive operations do not compress exponential work into a single step,

• resources are measured as functions of input size |x|.

Simulatability condition. We make the robustness requirement explicit: every primitive
operation in a formalism F = (M,R,D) must admit a simulation in a standard model (e.g.,
Turing machine or RAM) with at most polynomial overhead in the resource scale R.

Formally, for every operation O in M , there exists a procedure O∗ such that:

cost(O∗) ≤ poly(|x|).

Violations of robustness. Typical operations that violate this condition include:

• applying a transformation simultaneously to all elements of an exponentially large set,

• deciding existence of a satisfying assignment over a compressed representation in a single
step,

• performing global filtering over all states of a layer without explicit polynomial simulation.

Such operations effectively encode super-polynomial computation into a single step and
therefore belong to extended formalisms.

Theorem 3 (Invariance of P vs NP ). For any F1, F2 ∈ Frobust,

PF1 = NPF1 ⇐⇒ PF2 = NPF2 .

This captures the standard robustness of classical computational models.
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5.3 Extended Formalisms

We define a broader class Fext ⊃ Frobust where:

• global or aggregated operations are allowed,

• structured objects (e.g., layers, compressed state spaces) are admissible in D,

• alternative resource measures R′ may be used.

Theorem 4 (Formalism Dependence). There exist formalisms F ∈ Frobust and F ′ ∈ Fext such
that

PF ̸= NPF , PF ′ = NPF ′ .

Thus, the statement P = NP is inherently relative to the chosen formalism.

Example of an extended formalism. Consider a formalism F ′ in which the following
operation is primitive:

• given a layer Yt, decide whether it contains an accepting state in a single step.

In such a formalism, SAT can be solved in polynomially many steps by propagating layers
and testing acceptance directly. Thus PF ′ = NPF ′ .

However, this operation does not admit a polynomial simulation in a robust formalism, and
therefore F ′ lies outside Frobust.

5.4 Role of Global Structures S

Robust simulability. We make the admissibility of structured objects precise.

Definition 17 (Robustly simulable structured object). Let F = (M,R,D) be a formalism in
Frobust. A structured object S with operations O = {Oi} is robustly simulable if:

• (Size) |enc(S)| ≤ poly(|x|),

• (Simulation) for every Oi ∈ O there exists a procedure O∗
i in a standard model (e.g.,

TM/RAM) such that
cost(O∗

i ) ≤ poly(|x|),

• (Local realizability) O∗
i is composed of primitive steps whose costs are bounded by R

and do not hide super-polynomial work.

Admissibility criterion. A structure S is admissible for classical P–analysis iff it is robustly
simulable. Otherwise S belongs to an extended formalism F ′ = (M ′, R′, D′).

Consider a structured representation S (e.g., a layer representing exponentially many states).
Such a structure is meaningful only if its operations satisfy:

operations on S are simulable in poly(|x|) within Frobust.

Otherwise, S belongs to an extended formalism F ′ and does not imply results about classical
P vs NP .
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5.5 Description vs Computation

A key distinction emerges:

• Exponential objects may admit compact descriptions,

• but compact description does not imply efficient computation.

This explains why:

compact representation ̸⇒ polynomial-time computation.

5.6 Interpretation

We conclude:

• Global structure is not specified explicitly but emerges from local rules,

• Local structure does not guarantee a global polynomial navigation,

• Complexity is a property of the interaction between representation and allowed operations.

6 Examples

6.1 Horn-SAT as a structural realization

We now give a complete structural realization for Horn-SAT in terms of divergence, frontier,
and completion.

Let φ be a Horn formula over variables x1, . . . , xn.

State space. A state is a set T ⊆ {x1, . . . , xn} of variables assigned to true. The initial state
is T = ∅.

Transition relation. For each Horn clause of the form

(a1 ∧ · · · ∧ ak) → b,

if a1, . . . , ak ∈ T , then we add b to T .

Accepting states. A state is accepting if it does not derive a contradiction (i.e., no clause
implies ⊥).

Cutoff. The cutoff procedure C(x, T ) returns 1 if ⊥ is derivable from T .

Divergence. Any false trajectory derives ⊥ after at most n steps, since each step strictly
increases |T |. Hence divergence is polynomial.

Frontier. The process is monotone: there is a unique maximal closure of T . Thus the number
of reachable non-cutoff states is at most n. In fact, the effective frontier collapses to a single
canonical state.

Completion. The closure procedure computes the least fixed point of the implications. If ⊥
is not derived, this fixed point defines a satisfying assignment.
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Conclusion. Horn-SAT admits a structural realization where:

• divergence is linear,

• the frontier collapses to one state,

• completion is polynomial.

This illustrates the strongest possible form of polynomial structure: exponential branching
is completely eliminated by monotone closure.

6.2 2-SAT

For 2-SAT, the structural state is the implication graph. Each clause (ℓ1∨ℓ2) yields implications
¬ℓ1 → ℓ2 and ¬ℓ2 → ℓ1. Satisfiability is characterized by the absence of a variable x such that
x and ¬x lie in the same strongly connected component [7], [8].

The cutoff procedure detects such a conflict. Completion is performed by assigning values
according to the DAG of strongly connected components. The live frontier is not a tree of
assignments but a compact global object: the SCC condensation graph.

In this case, exponential branching over assignments is replaced by global compression
through implications.

6.3 Bipartite matching

For bipartite matching, the state is a current matching M together with the layered alternating
graph built from free vertices. The relevant structural fact is Berge’s theorem: a matching is
maximum iff there is no augmenting path. The Hopcroft–Karp algorithm improves the matching
by finding a maximal set of shortest vertex-disjoint augmenting paths in phases [9], [10].

The frontier is not the set of all alternating paths. It is one layered graph representing all
shortest augmenting paths at once. Completion consists of augmenting along a maximal family
of such paths, and termination is guaranteed in polynomial time.

This illustrates a different mechanism from Horn-SAT and 2-SAT: the alternatives are not
eliminated individually; they are aggregated into a single polynomially sized structure.

6.4 3-SAT

For 3-SAT, a natural state resembles a CDCL solver state: a partial assignment, an implication
graph, and a clause database including learned clauses [11], [12], [13]. Local conflicts are easy
to detect, and clause learning can compress parts of the search space.

However, the strong cutoff required above is not merely the detection of a currently falsified
clause. It must certify that no accepting continuation is reachable from a state. In proof-
complexity terms, this amounts to producing sufficiently strong refutations for inconsistent
subspaces. Exponential lower bounds are known for several proof systems, including resolution
lower bounds for the pigeonhole principle [14], [15].

Thus 3-SAT is not hard because it lacks local structure. It has abundant local structure. The
difficulty is that known local structures do not assemble into a globally polynomially navigable
state space for all inputs.

7 Description versus computation
A recurring confusion is to identify compact description with efficient computation. An exponen-
tial object may have a compact recursive description, for example f(0) = 1 and f(n+1) = 2f(n).
But the complexity class of a function is not determined only by the length of its description.
It is determined by the resource needed to compute or use the relevant value or property.
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Similarly, a layer of 2n possible states may be described compactly as a hypercube. This
alone does not imply that one can decide the existence of an accepting state in that layer in
polynomial time. The critical question is whether the operations on the representation of the
layer—transition, filtering, cutoff, and completion—are themselves polynomially realizable.

This is the sense in which there is no free compression of computation: compression is either
paid for by resource, encoded into the model, or justified by a polynomial simulation.

8 Formalism dependence and the role of global structures
The preceding definitions separate two possibilities for a global structure S.

First, S may be realizable inside a robust formalism. Then operations on S admit polynomial
simulations using ordinary resources, and S yields a genuine algorithmic result. For 3-SAT, such
a structure would imply P = NP.

Second, S may require new primitive operations or a different resource scale. Then it
belongs to another formalism F ′ = (M ′, R′, D′). It may still be mathematically meaningful and
computationally useful, but it no longer answers the classical question. Instead, it defines a new
complexity theory in which one should ask whether PF ′ = NPF ′ .

The distinction is not between true and false computation, but between different choices of
admissible operations and resource measures.

9 Related Work
This work is related to several lines of research.

Implicit and symbolic representations. Symbolic model checking and BDD-based meth-
ods represent large state spaces compactly, but their efficiency depends on the existence of
compact representations supporting efficient operations.

Succinct representations. Succinct graph representations and compressed data structures
similarly separate description size from computational complexity.

Proof complexity. Lower bounds in proof complexity provide evidence that certain search
spaces cannot be globally compressed into polynomial-size certificates.

Algebraic and circuit representations. Monotone circuits and algebraic models study
when global structure enables efficient computation, closely related to the notion of structural
collapse introduced here.

The present framework unifies these perspectives by expressing them in terms of layered
dynamics and polynomial navigability.

10 Open Problems and Research Direction
The framework proposed in this note is intentionally preliminary. Its purpose is not to provide a
completed structural complexity theory, but to isolate a family of concepts – layered dynamics,
collapse, frontier, divergence, completion, and admissible compression – that may support a
broader structural approach to computational complexity.

Several directions appear particularly important for further development.

• Collapse mechanisms for SAT-like problems.
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Does 3-SAT admit a nontrivial polynomially collapsing layered structure? More generally,
can one identify intermediate forms of collapse that explain the empirical effectiveness of
modern SAT techniques without yielding full polynomial navigability?

• Structural taxonomy of polynomial solvability.
Can polynomial-time problems be classified according to distinct mechanisms of structural
collapse? The examples considered here suggest at least monotone, quotient, and aggre-
gation collapse, but it is unclear whether these form a complete taxonomy or whether
fundamentally different mechanisms exist.

• Quantitative invariants of navigability.
The present framework is largely qualitative. A natural next step would be the intro-
duction of quantitative invariants measuring the growth, compressibility, or navigability
of layered state spaces. Such invariants could potentially play a role analogous to time,
space, proof width, or circuit depth in classical complexity theory.

• Hierarchies of structural realizations.
Is there a hierarchy of structural realizations analogous to standard complexity hierar-
chies? For example, one may ask whether bounded-frontier, bounded-collapse, or bounded-
divergence systems define distinct classes of computational behavior.

• Connection to proof complexity.
The relation between structural collapse and proof complexity remains largely unexplored.
Can divergence or frontier growth be related quantitatively to proof width, proof size, or
refutation depth? Conversely, can lower bounds in proof complexity be systematically
interpreted as obstructions to polynomial navigability?

• Intermediate representations between local and global structure.
Many successful algorithms appear to exploit partially global structures without achieving
full polynomial collapse. Understanding such intermediate representations may clarify
why certain hard problems admit strong heuristics despite lacking known polynomial
algorithms.

• Robust admissibility of compressed structures.
A central unresolved issue is the distinction between genuine polynomial compression and
hidden computational power encoded into primitive operations. A more systematic theory
of admissible structured objects and robust simulability may be required.

• Toward a structural complexity theory.
The broader long-term question is whether computational complexity can be organized not
only through asymptotic resource bounds, but also through the geometry and dynamics of
state-space evolution. The notions introduced here may serve as preliminary components
of such a theory, but substantial formal development remains necessary.

11 Conclusion
The perspective developed in this note is intentionally modest in scope. The goal has not been
to resolve the classical P versus NP problem, nor to replace existing complexity theory, but
rather to isolate and organize a structural viewpoint that repeatedly appears across known
polynomial-time algorithms.

Many of the observations discussed here are, in isolation, already familiar: Horn-SAT relies
on monotone closure, 2-SAT on implication structure, bipartite matching on layered aggregation,
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and modern SAT solving on partial forms of global compression. Their role in the present text is
therefore not primarily to introduce new algorithmic facts, but to expose a recurring structural
pattern behind seemingly different forms of polynomial computation.

From this perspective, polynomial solvability appears less as the absence of search than as the
existence of mechanisms that prevent uncontrolled expansion of the live computational frontier.
The notions of divergence, frontier, completion, layered dynamics, and collapse are intended as
preliminary components of a language for describing such mechanisms systematically.

The discussion of computational formalisms serves a similar clarifying role. Compact global
structures are meaningful only when their induced operations remain polynomially realizable
inside robust computational models. Otherwise, one has not compressed computation, but
merely shifted complexity into stronger primitives or alternative resource assumptions.

The framework presented here should therefore be viewed primarily as exploratory and
organizational. Its purpose is to formulate the problem in structural terms, identify possible
obstructions to polynomial navigability, and outline directions for a more systematic theory of
state-space complexity and structural collapse.
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